Micromagnetic calculations are compared with faster model calculations of interacting nanoscopic magnetic islands representing an element of a shakti spin ice lattice. Several pathways for transitions between equivalent ground states are studied. The model calculations describe the interaction between the islands either with the point dipole approximation, or with a dumbbell approximation where the distance between the two poles is optimized to match the micromagnetic results. The closest agreement in the energy of both local minima as well as transition state configurations where one macrospin has rotated by 90 • is obtained with a dumbbell model where the distance between the poles is ca. 20 % smaller than the island length.
Introduction
Artificial spin systems have made it possible to study magnetic ordering phenomena and thermal dynamics at macroscopic length scales in extended spin arrays. These systems consist of lithographically patterned magnetic islands arranged in various ways. Initially, the arrangements were chosen to mimic pyrochlore spin ice [1] but the vast capabilities available within nanostructuring have allowed new research into a multitude of different types of systems [2] [3] [4] [5] . The interaction between the islands affects the properties of the artificial spin ice systems controlling their ground state magnetic ordering and affecting the energy barriers for transitions between various possible orientations of the magnetization of the islands. The arrangement of the islands, therefore, directly affects the energetics of the system.
The shakti lattice is a recent addition to the catalog of artificial spin ice systems. Extended systems of this geometry have been studied both theoretically [6, 7] as well as experimentally [9, 10] . Interestingly, the shakti geometry falls into a category of pentagonal tilings but is often described as a decimation of a square tiling. A closer analogy would be that of a Cairo pentagonal tiling or a Panama weave tiling as the system is composed of islands of two different lengths [6] . The different island lengths give rise to different energy barriers for reversing their magnetization direction creating an energy scale hierarchy affecting the energy landscape and ordering of the system [10] .
Studies of finite arrays of islands representing a part of an extended system have been important for gaining an understanding of the physical properties of artificial spin ice systems. The magnetic ordering of kagome spin ice building blocks has been extensively studied both for demagnetized states [8] and thermally relaxed ground state ordering [11] as well as thermally induced dynamics [12] . For square ice building blocks, thermal effects have been directly measured through their stray field [13, 14] . Studies of the energy landscape and ordering of shakti lattice building blocks containing elements of two different island sizes have previously not been reported in the literature.
Several different methodologies have been applied to model artificial spin ice to gain an understanding of the energetics and underlying physics. Micromagnetics is the most accurate approach but it requires significant computational effort even for systems consisting of only a few islands. Calculations involving magnetization dynamics and incorporation of thermal effects in extended spin ice systems are computationally too demanding at this level of theory. Simpler models such as the point dipole or dumbbell representations of each island have therefore been used to calculate ground state ordering, thermal dynamics and long range interaction between islands. In the point dipole model, a magnetic dipole is placed at the center of each island and the dipole-dipole interaction between islands evaluated, while for the dumbbell approximation, two magnetic charges, separated by some fixed distance, are placed on each island [15] [16] [17] .
The mechanism of thermally assisted transitions in such systems can be evaluated using the geodesic nudged elastic band (GNEB) method [18] where the activation energy is obtained as the energy rise along the minimum energy path for the transition. The pre-exponential in the Arrhenius rate expression can be estimated from harmonic transition state theory [19] [20] [21] as has been demonstrated for isolated islands [22] as well as elements of kagome spin ice [23] . When the islands are not too large, the magnetization can be in a single domain state and described by a single vector, the macrospin. The GNEB and harmonic transition state theory (HTST) methodology can, however, also be used to describe more general transition mechanisms where the internal structure of the island is taken into account [24] .
In this article, the energetics of a shakti spin ice element consisting of eight small islands and one large island is studied. Two reversal pathways between equivalent, low energy states are studied. The point dipole model and dumbbell model with adjustable distance between the magnetic charges are compared with micromagnetic calculations for both local energy minima and configurations representing transition states.
Models and methodology
The system investigated in this study can be considered as a building block of the shakti lattice comprising one long island and eight surrounding short islands, as shown in Fig. 1 . The islands are stadium shaped, 150 nm wide of 3 nm thickness and with a length of 450 nm (short islands) or 1050 nm (long islands). The lattice constant, defined as shown in Fig. 1 , is taken to be 600 nm. The islands are assumed to be composed of a soft magnetic material with magnetization of M = 200 kA/m. The dimensions of the islands and materials parameters used for the modeling are similar to those previously reported in the literature.
Micromagnetic modelling
The energetics of the system are modeled by micromagnetic calculations performed using the software mumax3 [25] . The exchange constant is taken to be A = 13 × 10 −12 J/m and the magnetization value given above. No magnetocrystalline anisotropy is included for the magnetic material composing the islands. The total magnetic moment of the islands comes out to be 4.05 × 10 6 µ B for the small islands and 10.5 × 10 6 µ B for the large ones. The energy associated with the macrospin of each island includes a shape anisotropy term, E a = K cos(θ) 2 , where θ is the angle between the magnetization and the long axis, in addition to the total sum of magnetostatic interaction with all the other macrospins in the system. The micromagnetic model is used to evaluate this anisotropy term which is added to the dipole and dumbbell models. The anisotropy parameter K is determined by calculating the energy increase when the macrospin of an island is rotated from the low energy state with the magnetization pointing along the long axis of the island to the elevated energy state where the magnetization is pointing perpendicular to the long axis. In both cases, the macrospin vector is in the plane of the island. This shape anisotropy term corresponds to K = 0.69 eV and 1.78 eV for the short and long islands, respectively.
Point dipole model
In the point dipole model, the energy of the system is approximated as
where V i is the volume of island i, M is the magnetization per volume, m i a unit vector giving the direction of the magnetic moment of island i, r i is the location of the center of island i and r ij = r j − r i .
Dumbbell model.
In the dumbbell model, the energy of the system is approximated as
where r pi and r ni are the locations of the positive and negative charges associated with island i, placed symmetrically along the long axis of the island, and d i is the distance between them. We introduce here an adjustable parameter in the dumbbell model, namely the ratio of the distance and the length of the island, d/L. Traditionally, d has been assumed to be equal the length of the island, i.e. the magnetic charges are placed at opposite ends of the islands. As we demonstrate below, this leads to an overestimation of the interaction. The scaling parameter d/L is thus introduced to adjust the strength of the interaction and match the results of the micromagnetic calculations. The same ratio is used for the small and the large islands. For a small distance between the two magnetic charges, d/L < 0.1, the dumbbell model gives results that are close to those of the point dipole model. For larger distances, the dumbbell model includes the effect of higher order multipoles in the multipole expansion of the magnetic field of an island. As a result, the dumbbell model gives stronger interaction between the islands than the point dipole model.
Results
The calculations of the shakti element are started with each macrospin pointing along the long axis of the corresponding island, forming either in a closed loop configuration, where the macrospins of all the short islands are arranged head to tail (shown in Fig. 1 ) or in a so-called onion configuration (shown in Fig. 2 ). The orientation of the macrospins is then allowed to change in order to minimize the energy of the system. This relaxation turns out to result in only a minor change in the orientation of the macrospins and the energy of the system. In the micromagnetic calculations, the closed loop state is found to be slightly lower in energy than the onion state, by 0.05 eV.
The GNEB method is used in combination with the point dipole model to find an optimal transition path between the two closed loop states as well as an optimal transition path between the two onion states. The resulting paths determined from these calculations are shown in Fig. 1,2 . For each island, there are two possibilities for rotating the macrospin, either inward or outward. Depending on the arrangement of the macrospins of the neighboring island, one could have a lower energy barrier than the other. The figure shows the energy for the rotation direction that corresponds to the lower energy barrier, but in all cases the difference is small. The energy along these paths is then evaluated using also the micromagnetic and the dumbbell models. Figures 1, 2 show the calculated results for the transition paths between the two closed loop states (see Fig. 1 ) and between the two onion states (see Fig. 2 ). Both the energy of the various states as well as the estimated activation energy for macrospin rotations are shown. The activation energy for the rotation of the large island macrospin occurs last in these paths and is clearly much larger than the activation energy for the small islands. The point dipole model is found to underestimate the interaction energy. Both the energy of the various local energy minima and the estimates of the energy barriers are lower than the micromagnetic predictions. The dumbbell model, however, overestimates the interaction energy by a similar amount (see results for d = L in the top right of Fig. 2) . However, by bringing the magnetic charges closer by about 20 %, the dumbbell model can reproduce the micromagnetic results quite well, both the energy minima and the energy barriers.
Conclusions
The calculated results presented here show that the point dipole model can underestimate the interaction between islands in spin ice systems, while the dumbbell model gives an overestimation. A modified dumbbell model where the distance between the magnetic poles in an island is smaller than the length of the island, in this case by ca. 20 %, can however reproduce the results of micromagnetic calculations quite closely. Not only is the energy of the various states reproduced well, but also the energy barriers for transitions. The same parameter value was used for the large and small islands in the shakti lattice element studied here, but it remains to be seen how general the optimal value of this parameter is for the large variety of islands used in spin ice systems.
In order to simulate the long time scale evolution of spin ice systems, it is important to have a model for the energetics that does not require excessive computational effort. The modified dumbbell model with a scaled distance parameter appears to provide a good choice. The mechanism and rate of transitions can then be calculated using saddle point searches with the adaptation of the minimum mode following method to magnetic systems [26] and long time scale evolution simulated with the adaptive kinetic Monte Carlo method [27, 28] . 
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